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ON INFINITESIMAL STREBEL POINTS
ALASTAIR FLETCHER
Abstract. In this paper, we prove that if X is a Riemann surface of infinite analytic type
and [µ]T is any element of Teichmüller space, then there exists µ1 ∈ [µ]T so that µ1 is an
infinitesimal Strebel point.
MSC2010: 30F60 (Primary) 30C62 (Secondary).
1. Introduction
If X is a hyperbolic Riemann surface and M(X) denotes the set of Beltrami differentials
on X, then Teichmüller space T (X) is defined by the set of equivalence classes in M(X)
under the Teichmüller equivalence relation. Given µ ∈ M(X), we denote by [µ]T ∈ T (X)
the corresponding point of Teichmüller space. In the case where X is a closed surface, every
[µ]T different from the basepoint [0]T contains a uniquely extremal representative of the form
(1.1) µ = k|ϕ|/ϕ
for 0 < k < 1 and ϕ ∈ A1(X), that is, ϕ is an integrable holomorphic quadratic differential
on X.
In the setting of infinite type surfaces, not every Teichmüller class has a uniquely extremal
representative. The first such example to be constructed was the Strebel chimney [15]. If
X = {z ∈ C : Im(z) < 0 or |Re(z)| < 1} and K > 1, then for every L ∈ [1/K,K]
fL(x+ iy) =
{
x+ iKy, y ≥ 0, |x| < 1
x+ iLy, y < 0
is an extremal representative in its Teichmüller class [µf1]T . Here µf ∈ M(X) denotes the
complex dilatation of a quasiconformal mapping f .
Strebel points, introduced in [4, 13], are those points in an infinite dimensional Teichmüller
space where the behaviour is, in some sense, tame. In particular, Strebel’s frame mapping
criterion [6] states that every Strebel point can be represented by a uniquely extremal Bel-
trami differential of the form (1.1). It is known that the set of Strebel points is both open
and dense in Teichmüller space.
We may also consider the infinitesimal class of µ ∈M(X), namely those ν ∈M(X) which
induce the same linear functional Λν(ϕ) =
∫
X
νϕ on A1(X) as µ. The set of equivalence
classes is denoted by B(X) and a particular class is denoted [µ]B. We can consider extremal-
ity of representatives of an equivalence class in B(X). If µ is extremal in its class in B(X),
it is called infinitesimally extremal. There is an analogous notion of an infinitesimal Strebel
point, and the infinitesimal version of Strebel’s frame mapping criterion (see [3]) states that
for such a point, it can again be represented by a uniquely infinitesimally extremal Beltrami
differential of the form (1.1).
This work was supported by a grant from the Simons Foundation (#352034, Alastair Fletcher).
1
Typically [µ]T and [µ]B do not coincide but they share similar properties. In particular, µ
is extremal if and only if it is infinitesimally extremal, see [8, 12, 14]. Further, µ is uniquely
extremal if and only if it is uniquely infinitesimally extremal, see [2]. A point to note here
is that not every uniquely extremal Beltrami differential has the form (1.1).
In [9], it was shown that if ||µ||∞ is small then there exists ν1 ∈ [µ]T such that [ν1]B is an
infinitesimal Strebel point and ν2 ∈ [µ]B such that [ν2]B is a Strebel point. Further, in [10]
it was proved that for any µ ∈ M(D) there exists ν ∈ [µ]T such that ν is an infinitesimal
Strebel point. In this paper, we extend this latter result to all surfaces of infinite type.
Theorem 1.1. Let X be a Riemann surface of infinite analytic type. Given any Beltrami
differential µ ∈M(X), there exists µ1 ∈ [µ]T such that µ1 is an infinitesimal Strebel point.
Before proving this theorem, we first recall some material from Teichmüller theory, see for
example [5, 7] for more details.
Acknowledgements: The author would like to thank the referee for pointing out a gap in
an earlier version of this paper.
2. Preliminaries
2.1. Beltrami differentials. Let X be a Riemann surface of infinite analytic type, that is,
we require the genus of X or the number of punctures to be infinite. Denote by M(X) the
set of Beltrami differentials on X, that is, (−1, 1)-differential forms given in local coordinates
by
µ(z)
dz
dz
,
and where ||µ||∞ ≤ k for some k < 1.
There are two equivalence relations we may impose onM(X). The Teichmüller equivalence
relation is defined as follows. Since X is a hyperbolic surface, it can be realized as D/G for
some group G of covering transformations. We may lift µ, ν ∈M(X) to elements µ˜, ν˜ in the
unit ball of L∞(D) which are G-invariant in the sense that
(µ˜ ◦ g)
g′
g′
= µ˜,
for all g ∈ G. Via the Measurable Riemann Mapping Theorem, there is a unique quasi-
conformal mapping f µ˜ : D → D which solves the Beltrami differential equation fz = µ˜fz,
extends continuously to the boundary ∂D and fixes 1,−1, i. We then say that µ ∼T ν if and
only if
(2.1) f µ˜|∂D = f
ν˜ |∂D,
and denote an equivalence class by [µ]T . The set of equivalence classes is the Teichmüller
space T (X) of X.
The second equivalence class is defined as follows. Let A1(X) be the Bergman space of
integrable holomorphic quadratic differentials on X, that is, (2, 0)-differential forms give in
local coordinates by
ϕ(z) dz2,
where ϕ is holomorphic and satisfies
||ϕ||1 :=
∫
X
|ϕ| <∞.
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We remark that every such ϕ lifts to a holomorphic function ϕ˜ on D satisfying (ϕ˜◦g)(g′)2 = ϕ˜
for all g ∈ G. It is well-known that the cotangent space at the basepoint of Teichmüller space,
[0]T , is isomorphic to A
1(X). Every µ ∈M(X) induces a linear functional on A1(X) defined
by
Λµ(ϕ) =
∫
X
µϕ.
Note that the expression µϕ in local coordinates is µ(z)ϕ(z)|dz|2 and so can be integrated.
If Λµ = Λν on A
1(X), then we say that µ and ν are infinitesimally equivalent and write
µ ∼B ν. An equivalence class is denoted by [µ]B and the set of equivalence classes is denoted
by B(X), and is isomorphic to A1(X)∗. The norm of Λµ is
||Λµ|| = sup
{∣∣∣∣
∫
X
µϕ
∣∣∣∣ : ||ϕ||1 = 1
}
.
If µ is extremal, then ||Λµ|| = ||µ||∞.
In either equivalence class, we have the notion of extremality and unique extremality. If
∼ is either ∼T or ∼B , then we say that µ is extremal if ||µ||∞ ≤ ||ν||∞ for all ν ∼ µ, and we
say that µ is uniquely extremal if the inequality is strict for all ν ∼ µ and ν 6= µ. We will
use the language extremal for ∼T and infinitesimally extremal for ∼B. From compactness
considerations, there is always an extremal and infinitesimal extremal representative in each
class.
2.2. Extremal distortion. The notation we use in this section is slightly non-standard but
is intended to unify the ideas between the two equivalence classes. Writing k(µ) = ||µ||∞ for
µ ∈M(X), the corresponding extremal version is
k0([µ]T ) = inf{k(ν) : ν ∼T µ}
and the infinitesimally extremal version is
k1([µ]B) = inf{k(ν) : ν ∼B µ}.
It is known that
(2.2) k1([µ]B) = ||Λµ|| = sup
||ϕ||1=1
Re
∫
X
µϕ.
The boundary dilatation of µ ∈M(X) is
h(µ) = inf{||µ|X\E||∞ : E is a compact subset of X}.
The extremal version is
h0([µ]T ) = inf{h(ν) : ν ∼T µ}
and the infinitesimally extremal version is
h1([µ]B) = inf{h(ν) : ν ∼B µ}.
It is clear that h0([µ]T ) ≤ k0([µ]T ) and h1([µ]B) ≤ k1([µ]B). In the first case, if h0([µ]T ) <
k0([µ]T ) then [µ]T ∈ T (X) is called a Strebel point, and otherwise a non-Strebel point. In
the second case, if h1([µ]B) < k1([µ]B), then [µ]B ∈ B(X) is called an infinitesimal Strebel
point, and otherwise an infinitesimal non-Strebel point.
The case µ = 0 gives a non-Strebel point [0]T ∈ T (X) and an infinitesimal non-Strebel
point [0]B ∈ B(X).
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2.3. Quasiconformal gluing. We will require the following result on quasiconformal glu-
ing.
Theorem 2.1 ([11], Theorem 2). Let f1 and f2 be two K-quasiconformal mappings defined
on disjoint simply connected subdomains Ω1 and Ω2 of C respectively and f1(Ω1)∩f2(Ω2) = ∅.
Then for any two Jordan domains D1 and D2 with D1 ⊂ Ω1 and D2 ⊂ Ω2, there exists a
quasiconformal mapping g of C such that
g|D1 = f1|D1 and g|D2 = f2|D2.
3. Proof of Theorem 1.1
In [10], where the case X = D is considered, a particular choice of ϕ = 1/π ∈ A1(D) is
chosen to simplify estimates. In our situation, there isn’t an obvious choice of ϕ. To deal
with this, we will choose any ϕ of norm 1, decompose our surface X into three subsets and
modify a given µ on some of these subsets. The modified Beltrami differential will remain
in the same Teichmüller class but will be an infinitesimal Strebel point.
Fix a Riemann surface X of infinite analytic type and ϕ ∈ A1(X) with ||ϕ||1 = 1. Let
µ ∈M(X) with ||µ||∞ = k < 1 and ǫ > 0.
Step 1: find an appropriate decomposition of X. Realize X as a union of pairs of pants,
that is, topological three-holed spheres where some of the holes are allowed to be points, see
for example [1]. Label the pants P1, P2, . . . where for convenience we may assume
⋃n
i=1 Pi is
connected for each n. Choose N large enough that if G1 =
⋃∞
i=N+1 Pi, then∫
G1
|ϕ| <
ǫ
2
.
Each Pi is obtained by gluing two hypergolic geodesic hexagons together along three pairs
of sides called seams. The three boundary components of Pi are called cuffs. For i = 1, . . . , N ,
let Ui be an open neighbourhood of the cuffs and seams in Pi so that Pi \ Ui consists of two
components, one arising from each hexagon, and so that∫
Ui
|ϕ| <
ǫ
4N
.
Note there is no issue if a boundary component of Pi reduces to a point. In this case, Ui wil
contain a neighbourhood of this puncture.
We next take closed neighbourhoods of each Ui, say Fi, which will consist of two com-
ponents, each a topological annulus so that Ei := Pi \ (Ui ∪ Fi) consists of two topological
disks. We further require that ∫
Fi
|ϕ| <
ǫ
4N
.
Our disjoint decomposition of X is then defined by G = G1 ∪
⋃N
i=1 Ui, F =
⋃N
i=1 Fi and
E =
⋃N
i=1Ei. By construction, E and G are open, F is closed and
(3.1)
∫
G
|ϕ| =
∫
G1
|ϕ|+
N∑
i=1
∫
Ui
|ϕ| <
3ǫ
4
,
∫
F
|ϕ| =
N∑
i=1
∫
Fi
|ϕ| <
ǫ
4
,
∫
E
|ϕ| > 1− ǫ.
Step 2: Given a Beltrami differential µ inM(X), we modify it on E and F . Let f : X → Y
be a quasiconformal map with complex dilatation µ. Denote by π1, π2 the projections from
4
D to X, Y respectively. We may lift f to a quasiconformal map f˜ : D → D which satisfies
π2 ◦ f˜ = f ◦ π1. Since f˜ extends continuously to ∂D, we may extend f˜ to a quasiconformal
map f˜ : C→ C via reflection in ∂D.
Given a pair of pants Pi with i ∈ {1, . . . , N}, consider one of the two hexagons σ that
are glued to give Pi. Consider a component H of π
−1
1 (σ), which is a geodesic hexagon in
D. Let H ′ = f˜(H) ⊂ D. If we intersect H with π−11 (E) and π
−1
1 (F ) then we obtain an
open topological disk D and a closed topological annulus A respectively. Let Ω1 ⊂ C be an
open neighbourhood of C \ (A∪D) and let Ω2 ⊂ C be an open neighbourhood of D so that
Ω1 ∩ Ω2 = ∅ and both Ω1 and Ω2 are simply connected in C. Note that ∂Ω1 and ∂Ω2 are
both contained in the interior of A.
By the Measurable Riemann Mapping Theorem, we may find a quasiconformal map g :
Ω2 → f(Ω2) with complex dilatation
µ1 =
k1ϕ˜
|ϕ˜|
,
where k1 is to be determined and ϕ˜ is a lift to D of the Beltrami differential ϕ on X. We
may then apply Theorem 2.1 with Ω1,Ω2 as above, f1 = f˜ , f2 = g and D1 = C \ (A ∪D),
D2 = D. Hence there is a quasiconformal map h : C→ C satisfying
h|D = g, h|C\(A∪D) = f˜ .
We then replace f˜ on H by this new map h.
Repeating this construction on the lift of each hexagon that makes up P1, . . . , PN , we end
up with a quasiconformal map defined on a fundamental region of X in D with image a
fundamental region for Y in D. We can then obtain a quasiconformal map f˜1 : D → D
by propagating to other fundamental regions in the domain and range via the covering
groups. Projecting back to X, we obtain a quasiconformal map f1 on X which agrees with
f outside a compact set and on a neighbourhood of the seams and cuffs, and agrees with a
quasiconformal map with complex dilatation k1ϕ/|ϕ| on a large subset. We will denote by
µ1 the complex dilatation of f1.
Step 3: µ1 is in the same Teichmüller class as µ. Recall that f˜1 is a lift of f1 to D. Since
f˜1 extends continuously to the boundary, we just need to show that the boundary map of
f˜1 agrees with that of f˜ . To see this, let w0 ∈ ∂D. Since the components of π
−1
1 (X \ G)
in D are pairwise disjoint and have uniformly bounded hyperbolic diameter, we can find a
sequence of points zn contained in π
−1
1 (G) which converges to w0 in the Euclidean metric.
Since f˜1 agrees with f˜ on π
−1
1 (G) and both maps extend continuously to ∂D, we see that
f˜1(w0) = f˜(w0). Since w0 is arbitrary, by (2.1) it follows that these two maps determine the
same two points of Teichmüller space.
Step 4: µ1 is infinitesimally extremal for an appropriate choice of k1. Choose ǫ > 0 small
enough and let
(3.2) k1 >
(1 + ǫ)k + ǫ
1− ǫ
.
Note that since the function p(x) = ((1 + x)k + x)/(1 − x) satisfies p(0) = k and p′(0) > 0,
this can be achieved.
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We have by (2.2)
||Λµ1|| = sup
{∣∣∣∣Re
∫
X
µ1ψ
∣∣∣∣ : ψ ∈ A1(X), ||ψ||1 = 1
}
≥
∣∣∣∣Re
∫
X
µ1ϕ
∣∣∣∣
≥
∣∣∣∣Re
∫
E
µ1ϕ+ Re
∫
F
µ1ϕ+ Re
∫
G
µ1ϕ
∣∣∣∣
≥
∣∣∣∣Re
∫
E
µ1ϕ
∣∣∣∣−
∣∣∣∣Re
∫
F
µ1ϕ
∣∣∣∣−
∣∣∣∣Re
∫
G
µ1ϕ
∣∣∣∣ .
By (3.1), we have
Re
∫
E
µ1ϕ =
∫
E
µ1ϕ =
∫
E
k1|ϕ| > k1(1− ǫ),
and ∣∣∣∣Re
∫
F
µ1ϕ
∣∣∣∣ ≤ ||µ1||∞
∫
F
|ϕ| < ǫ.
The contribution on G is, again by (3.1)∣∣∣∣Re
∫
G
µ1ϕ
∣∣∣∣ =
∣∣∣∣Re
∫
G
µϕ
∣∣∣∣ ≤ ||µ||∞
∫
G
|ϕ| < kǫ.
Combining these estimates, we obtain
||Λµ1|| > k1(1− ǫ)− (k + 1)ǫ.
Finally, by (3.2), we obtain
k1([µ1]B) = ||Λµ1|| > k1(1− ǫ)− (k + 1)ǫ > k > ||µ||∞ ≥ ||µ1|G||∞ ≥ h1([µ1]B),
and so µ1 is an infinitesimal Strebel point.
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